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@ What if Alice and Bob can use a quantum strategy?

o Determine responses by measuring a shared entangled state.

iff Alice and Bob have
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@ G and H are quantum

a perfect quantum strategy

@ There are pairs of graphs which are quantum isomorphic but not

isomorphic!
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@ What if Alice and Bob can use a quantum strategy?

o Determine responses by measuring a shared entangled state.

iff Alice and Bob have

a H)

G =

(

@ G and H are quantum isomorphic

a perfect quantum strategy

@ There are pairs of graphs which are quantum isomorphic but not

isomorphic!

CFI graphs):

19] (

[AMRSSV

@ From theory of quantum nonlocal games
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/

@ Non-isomorphic Hadamard graphs [Chan and Martin '24]

@ Quantum isomorphism is undecidable [AMRSSV'19, Slofstra'19]
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Graph Homomorphism

A mapping ¢ : V(K) — V(G) is a graph homomorphism if it maps all
edges to edges: {u,v} € E(K) = {¢(u), ¢(v)} € E(G).
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Let #hom(K, G) be the number of graph homomorphisms from K to G.

Theorem (Lovasz’67)
G = H iff [ #hom(K, G) = #hom(K, H) ¥V graph K].

Theorem (Manéinska-Roberson’19)
G =, H iff | #hom(K, G) = #hom(K, H) V planar graph K].

@ Goal: extend this result to #CSP
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Counting graph homomorphisms is a #CSP.
@ Constraint function (tensor) F : [g]” — R
e Domain [¢] :={0,1,...,9—1}
o Arity n>1
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o Arity n>1

@ eg. g=2 n=5 F(xi,x2,x3,Xxs,xs5) for Boolean variables.

F(0,0,1,1,0)

o~ = O o
‘n
Il

@ Let F be a set of constraint functions (all on same domain).
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Why Study #CSP?

@ Beautiful complexity dichotomy theorems

Theorem (Cai-Chen’17)

For any finite set F of C-valued constraint functions, #CSP(-,F) is
always either in P or #P-hard, with nothing in between.

Theorem (Cai-Fu’19)

For any set F of C-valued constraint functions over Boolean variables,
#CSP(-, F) is exactly one of the following:

@ P-time solvable;
© P-time solvable over planar graphs but #P-hard over general graphs;

© #P-hard over planar graphs.
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@ A gadget is a #CSP instance with dangling edges.
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Gadgets

@ A gadget is a #CSP instance with dangling edges.
@ Several constraint functions assembled into a new constraint.

@ Inputs along dangling edges.
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Gadgets and Signature Matrices
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Gadgets and Signature Matrices

K
X
a
y
b
z

o a’ b7X’y’Z e [q]
e g° x g signature matrix M(K).

M(K)p,ye = > [I F(o(incident variables)).

o:{e}—[q] constraint F
o(e,0)=(a,b)

o(e,0,0)=(x,y,2)
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Simple Gadgets

F
E3,0

w

a
X

b = 6abc F = F(vaayuz)
y

C
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XL L

o M(K®L)=M(K)® M(L)
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Gadget Operations
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Gadget Operations

A g

Kol
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Gadget Operations
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Quantum Permutation Matrices

Theorem (AMRSSV’18, Lupini-Mancinska-Roberson’17)
G =4 H iff there is a quantum permutation matrix U such that

UAGUT = Ay.

@ Entries of U are Alice and Bob’s measurement operators.

@ Entries of U do not necessarily commute.

@ Every quantum permutation matrix satisfies:

U®3

U®2
— A
O>E27° = >E2,o +O>E3’O = }E&o
A

U is orthogonal: uuT =1 Vi:UjUj =0if j #J

@ If the entries of U commute and UAc;UT = Ay, then G =2 H.
16/32
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Quantum Isomorphism of Constraint Functions

Theorem (AMRSSV’18, Lupini-Mantinska-Roberson’17)

G =4 H iff there is a quantum permutation matrix U such that
UAGUT = Ay.

®2
U As UT Ap u

-—A OB O-—9- — B <= iO>AG:>AH

Definition

F =4 G if there is a quantum permutation matrix U such that U®"F = G.

U®3

A
—A- O }F = }G
A
o F =, if there is a U such that UF = G (simultaneous action).
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Theorem (Manéinska-Roberson ’19)
G =4 H iff [ hom(K, G) = hom(K, H) V planar graph K].

@ #CSP instance is planar if constraint-variable incidence graph € is
planar.

@ Assume there is an arity-preserving bijection between F and G.

Theorem (Main Theorem)
F =4 G iff | #CSP(Q, F) = #CSP(Q, G) V planar #CSP instance Q].
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Constructing E™°

o {E" | n>1} c (E* E3), ¢ 1

E3,0
(E*)T @

E5 0 = E3 0
(E)" @

E3,0
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Edge Pivoting

@ Every Kb/ ¢ (EQ’O,El’l,KW”/>O,®7T:

— e — e —e
F2,4

o
° - E2 ) >[ EZ 0
° _ E

20/32




Nonplanar Gadget Decomposition

(B2, B30 {F : F € F},S)o,7 = all #CSP(-, F) gadgets.

S
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Nonplanar Gadget Decomposition

El2 @ FO3 @ E22
Sa12)0)

Fi 01%

S(14563)(2)(7)

F, ®1%2
S(1234)
E; j7

VA Y
A ) Ej ( o — // o —
/ \\\ .\ /
\\ AN / .
AN
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Planar vs Nonplanar Gadgets

(E%0,E3° {F: F € F},S)o 1 = all #CSP(-, F) gadgets.

E2,0 E3’O

N
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Planar Gadget Decomposition
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F =24 G iff #CSP(Q, F) = #CSP(Q,G) V planar Q.

o If F = G then = is trivial.
@ Suppose F =, G.
@ J quantum permutation matrix U such that

o U®"F = G for every corresponding F, G.
o UP2E20 — 20 and UP3E30 — E30
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@ J quantum permutation matrix U such that

o U®"F = G for every corresponding F, G.
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The ‘easy’ direction

Theorem (Main Theorem)
F =24 G iff #CSP(Q, F) = #CSP(Q,G) V planar Q.

o If F = G then = is trivial.
@ Suppose F =, G.
@ J quantum permutation matrix U such that

o U®"F = G for every corresponding F, G.
U®2E20 E20 and U®3E3O E3O

(E20 E30 {F:. Fc F})oe,1 = all planar #CSP(-, F) gadgets.

o U®2S =S UU®2 — entries of U commute!

Lo - XL

25/32



A Quantum Holographic Transformation

Decompose Q into a composition of building block gadgets.
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A Quantum Holographic Transformation

@)

» I>‘

»

>

Insert (U®7)~1U®" = | between the ith and (i + 1)st factors.

»

—A

U®rn

W)

> > > I>‘

U®r2
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A Quantum Holographic Transformation

wer ) (uer)
| |
l J
A 2]
A A
S A
A _
— A
o A o o o
— A
A o
T A
A A
Uuer Uerz

Reassociate. Now, U transforms F to G and preserves @ E, so...
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A Quantum Holographic Transformation

Every F is converted to G without changing the #CSP value:
#CSP(Q, F) = #CSP(Q,3).
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The ‘hard’ direction

Theorem (Main Theorem)
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@ Next, prove («=).
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Theorem (Main Theorem)
F =24 G iff #CSP(Q, F) = #CSP(Q,G) V planar Q.

@ Next, prove («=).

Definition

Quantum automorphism group Qut(F) of F defined by QPM U such that
U®"F = F for every F € F

@ Recall U®"F = G defined quantum isomorphism of F and G.
o Qut(F) determined by its intertwiner space
Cqui(r) = {matrix A | U®™A = AU®9}
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CQut(]-‘) = {matrix A | U®maA = AU®d}

Theorem (from before)

(EZ’O, E30, {F: F € F})o» 1 = all planar #CSP(-, F) gadgets.

Cqut(r) = span(signature matrices of planar #CSP(-, F) gadgets).

@ C uses Tannaka-Krein duality from quantum group theory.
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The ‘hard’ direction
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Cqut(F) = span(signature matrices of planar #CSP(-, F) gadgets).

@ Qut(F) has orbits on [g] (domain of F). [LMR'17]

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

@ Prove the contrapositive: Suppose x, y in different orbits.
o Let Top(x) € {0,1}9 indicate x’s orbit.

® Ulop(x) = Lorb(x)-

® Lom(x) € Cqui(F)-
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The ‘hard’ direction

Cqut(F) = span(signature matrices of planar #CSP(-, F) gadgets).

@ Qut(F) has orbits on [g] (domain of F). [LMR'17]

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

@ Prove the contrapositive: Suppose x, y in different orbits.
Let Top(x) € {0,1}9 indicate xs orbit.
Ullorb(x) = Lorb(x)-
]lorb( ) € CQui(F)-
Lor(x) = 22 M(K;) for planar {K;}.
Some K, separates x and y.
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The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

o Consider corresponding F € F, G € G.

30/32



The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

o Consider corresponding F € F, G € G.

e F'/G': add new ‘universal’ domain el'ts v¢/vg to F/G

30/32



The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

@ Consider corresponding F € F, G € G.
e F'/G': add new ‘universal’ domain el'ts v¢/vg to F/G

@ Apply Lemma to x = v and y = v, and 'disjoint union’ F' & G'.

30/32



The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

@ Consider corresponding F € F, G € G.

e F'/G': add new ‘universal’ domain el'ts v¢/vg to F/G

@ Apply Lemma to x = v and y = v, and 'disjoint union’ F' & G'.
o M(K),, is sum of values of #CSP(-, F) instances.

e M(K),, is sum of values of #CSP(-, G) instances.

30/32



The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

Consider corresponding F € F, G € G.

F'/G’: add new ‘universal’ domain el'ts v¢/vg to F/G

Apply Lemma to x = v¢ and y = v, and 'disjoint union’ F' & G’.
M(K),, is sum of values of #CSP(-, F) instances.

M(K),, is sum of values of #CSP(-, G) instances.

By assumption, F and G-instances have same values.

30/32



The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

@ Consider corresponding F € F, G € G.

e F'/G': add new ‘universal’ domain el'ts v¢/vg to F/G

@ Apply Lemma to x = v and y = v, and 'disjoint union’ F' & G'.
o M(K),, is sum of values of #CSP(-, F) instances.

e M(K),, is sum of values of #CSP(-, G) instances.

@ By assumption, F and G-instances have same values.

°

Lemma gives ‘quantum automorphism’ of F’ & G’ sending v¢ to vg.

30/32



The ‘hard’ direction

Let x,y € [q]. If M(K), = M(K), for every planar gadget K with one
dangling edge, then x and y are in the same orbit of Qut(F).

@ Consider corresponding F € F, G € G.

e F'/G': add new ‘universal’ domain el'ts v¢/vg to F/G

@ Apply Lemma to x = v and y = v, and 'disjoint union’ F' & G'.

o M(K),, is sum of values of #CSP(-, F) instances.

e M(K),, is sum of values of #CSP(-, G) instances.

@ By assumption, F and G-instances have same values.

@ Lemma gives ‘quantum automorphism’ of F/ & G’ sending vr to vg.
o F=,G.
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o {Planar #CSP,(-, F) instances Q} C (E*° {F: F € F})ow T

U®3
2
% .
o >E2,0 — >E2,o A o }E:‘"O — }Es,o
A
U is orthogonal: UUT =/ Vi:UjUy =0if j #

e U is a quantum orthogonal matrix if U®2E>? = E20

Theorem (Follows from results of [Seppelt-Spitzer’25])

3 quantum orthogonal U such that U F = G iff
#CSP,(Q, F) = #CSP,(Q,G) V planar #CSP, instance Q.

@ Why a generalization?

o Add M(E3P) to F and G as a constraint function.
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A new application: the planar homomorphism counting dichotomy

@ For fixed graph G, is Pl-#thom(-, G) tractable or #P-hard?
@ No full dichotomy for G with > 4 vertices.

@ Realize a G-gadget with distinct diagonal entries = dichotomy.

Let x,y € [q]. Then M(K) = M(K),, V planar G-gadget K with two
dangling edges iff x and y are in the same orbit of Qut(G).

@ Quantum isomorphism reduces to determining if x, y in same orbit of
Qut(G @ H).

@ Quantum isomorphism is undecidable.

Corollary [Cai-Maran-Y."26]

Undecidable: given G, x, y, is there a binary planar G-gadget K such that
M(K)oc # M(K)y,?
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Thank you!
Questions?
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