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Motivating example: trace indistinguishability

If matrices F ,G are similar, then tr(F k) = tr(G k) for every k.

Is the converse true?

No: F and G can be cospectral without being similar.

F =

λ 1 0
0 λ 1
0 0 λ

 G =

λ 0 0
0 λ 0
0 0 λ


No T ∈ GL3 satisfies TFT−1 = G , but...ϵ2 0 0

0 ϵ 0
0 0 1

λ 1 0
0 λ 1
0 0 λ

ϵ−2 0 0
0 ϵ−1 0
0 0 1

 =

λ ϵ 0
0 λ ϵ
0 0 λ

 −−→
ϵ→0

λ 0 0
0 λ 0
0 0 λ


i.e. GL3-orbit closures of trace-indistinguishable F and G intersect.

Goal: generalize to higher-arity tensors.
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Holant: graph counting problems as tensor network contraction

Vertices are constraints, edges are variables.

(#perfect matchings in K ) = Holant{EOn}n(ΩK ):

EOn : {0, 1}n → {0, 1}.
EOn(x1, . . . , xn) = 1 iff exactly one xi = 1.

(#q-edge-colorings of K ) = Holant{≠n}n(ΩK ):

̸=n: {1, . . . , q}n → {0, 1}.
̸=n (x1, . . . , xn) = 1 iff x1, . . . , xn distinct.

(#homomorphisms K → X ) = HolantAX |{=n}n(ΩK ):

=n (x1, . . . , xn) = 1 iff x1 = . . . = xn.
AX : V (X )2 → {0, 1} is adjacency matrix of X .

In last example, Ωk is bipartite.

Holant admits complexity dichotomy theorems:

For any F , HolantF is always either in P or #P-hard,
with nothing in between.
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Bipartite Holant and Signature Transformations

F |F ′ denotes a bipartite Holant problem. F1

F2

F ′
1

F ′
2

F ′
3

Ω

Let T ∈ GLq and F ,F ′ on domain [q].

(T−1)⊗5

◦= FTF

T⊗5

◦ =F ′ TF ′

T (F |F ′) = {TF : F ∈ F}|{TF ′ : F ′ ∈ F ′}.
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The Holant Theorem

Theorem (The Holant Theorem [Val08])

If F |F ′ = T (G | G′), then F |F ′ and G | G′ are Holant-indistinguishable.

F1

F2

F ′
1

F ′
2

F ′
3

=
G1

G2

G ′
1

G ′
2

G ′
3

=
G1

G2

G ′
1

G ′
2

G ′
3

=
G1

G2

G ′
1

G ′
2

G ′
3

= T
= T−1

Xia conjectured the converse of the Holant theorem [Xia10].

Converse does not hold in general [CGW16].

We prove two near-converses.
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The Approximate Converse: Orbit Closure Intersection

Recall: tr(F k) = tr(G k) for all k iff their GLq-orbit closures intersect.

F G
=

F F G G
=

FF

F

GG

G
= . . .

Theorem (The Approximate Converse)

F |F ′ and G | G′ are Holant-indistinguishable iff their GLq-orbit closures
intersect.

Complexity of orbit closure intersection has seen much study recently.

Connections to geometric complexity theory (border rank and matrix
multiplication) [BI11].

Lysikov and Walter [LW24] define complexity class TOCI.

Also previous connections with tensor network theory [AMN+23].
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Also previous connections with tensor network theory [AMN+23].
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Homomorphism Indistinguishability

Graphs X and Y are homomorphism-indistinguishable over G if
#hom(K ,X ) = #hom(K ,Y ) for every K ∈ G.

Theorem (Lovász [Lov67])

X and Y are isomorphic iff X and Y are homomorphism-indistinguishable
over all graphs.

Get relaxations of isomorphism for other G

e.g. trees, cycles, planar graphs, bounded treewidth, etc.

But characterization was open for graphs of degree ≤ d .

Corollary

X and Y are homomorphism-indistinguishable over graphs of degree ≤ d
iff the GLq-orbit closures of AX |{=n}n≤d and AY |{=n}n≤d intersect.
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The Conditional Converse: Quantum Nonvanishing

F |F ′ is quantum-nonvanishing if the contraction bilinear form is
nondegenerate.

Theorem (The Conditional Converse)

If F |F ′ and G | G′ are Holant-indistinguishable & quantum-nonvanishing,
then there is a T ∈ GLq such that F |F ′ = T (G | G′).

Corollary

If AX ,AY are invertible, then X ∼= Y iff X and Y are
homomorphism-indistinguishable over graphs of degree ≤ 3.
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Thank you!
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